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Abstract

We consider the estimation of sparse graphical models that characterize the depen-
dency structure of high-dimensional tensor-valued data. To facilitate the estimation
of the precision matrix corresponding to each way of the tensor, we assume the
data follow a tensor normal distribution whose covariance has a Kronecker product
structure. The penalized maximum likelihood estimation of this model involves
minimizing a non-convex objective function. In spite of the non-convexity of this
estimation problem, we prove that an alternating minimization algorithm, which
iteratively estimates each sparse precision matrix while fixing the others, attains
an estimator with the optimal statistical rate of convergence as well as consistent
graph recovery. Notably, such an estimator achieves estimation consistency with
only one tensor sample, which is unobserved in previous work. Our theoretical
results are backed by thorough numerical studies.

1 Introduction

High-dimensional tensor-valued data are prevalent in many fields such as personalized recommen-
dation systems and brain imaging research [1} 2]]. Traditional recommendation systems are mainly
based on the user-item matrix, whose entry denotes each user’s preference for a particular item. To
incorporate additional information into the analysis, such as the temporal behavior of users, we need
to consider a user-item-time tensor. For another example, functional magnetic resonance imaging
(fMRI) data can be viewed as a three way (third-order) tensor since it contains the brain measurements
taken on different locations over time for various experimental conditions. Also, in the example of
microarray study for aging [3]], thousands of gene expression measurements are recorded on 16 tissue
types on 40 mice with varying ages, which forms a four way gene-tissue-mouse-age tensor.

In this paper, we study the estimation of conditional independence structure within tensor data. For
example, in the microarray study for aging we are interested in the dependency structure across dif-
ferent genes, tissues, ages and even mice. Assuming data are drawn from a tensor normal distribution,
a straightforward way to estimate this structure is to vectorize the tensor and estimate the underlying
Gaussian graphical model associated with the vector. Such an approach ignores the tensor structure



and requires estimating a rather high dimensional precision matrix with insufficient sample size. For
instance, in the aforementioned fMRI application the sample size is one if we aim to estimate the
dependency structure across different locations, time and experimental conditions. To address such a
problem, a popular approach is to assume the covariance matrix of the tensor normal distribution is
separable in the sense that it is the Kronecker product of small covariance matrices, each of which
corresponds to one way of the tensor. Under this assumption, our goal is to estimate the precision
matrix corresponding to each way of the tensor. See for a detailed survey of previous work.

Despite the fact that the assumption of the Kronecker product structure of covariance makes the
statistical model much more parsimonious, it poses significant challenges. In particular, the penalized
negative log-likelihood function is non-convex with respect to the unknown sparse precision matrices.
Consequently, there exists a gap between computational and statistical theory. More specifically,
as we will show in existing literature mostly focuses on establishing the existence of a local
optimum that has desired statistical guarantees, rather than offering efficient algorithmic procedures
that provably achieve the desired local optima. In contrast, we analyze an alternating minimiza-
tion algorithm which iteratively minimizes the non-convex objective function with respect to each
individual precision matrix while fixing the others. The established theoretical guarantees of the
proposed algorithm are as follows. Suppose that we have n observations from a K -th order tensor
normal distribution. We denote by my, sg, di, (K = 1,..., K) the dimension, sparsity, and max
number of non-zero entries in each row of the precision matrix corresponding to the k-th way of the

tensor. Besides, we define m = H?zl my. The k-th precision matrix estimator from our alternating

minimization algorithm achieves a \/my,(my + si,) log my. /(nm) statistical rate of convergence in
Frobenius norm, which is minimax-optimal since this is the best rate one can obtain even when the
rest K — 1 true precision matrices are known [4]. Furthermore, under an extra irrepresentability

condition, we establish a 1/my, log my, /(nm) rate of convergence in max norm, which is also optimal,

and a di+/my logmy,/(nm) rate of convergence in spectral norm. These estimation consistency
results and a sufficiently large signal strength condition further imply the model selection consistency
of recovering all the edges. A notable implication of these results is that, when K > 3, our alternating
minimization algorithm can achieve estimation consistency in Frobenius norm even if we only have
access to one tensor sample, which is often the case in practice. This phenomenon is unobserved in
previous work. Finally, we conduct extensive experiments to evaluate the numerical performance of
the proposed alternating minimization method. Under the guidance of theory, we propose a way to
significantly accelerate the algorithm without sacrificing the statistical accuracy.

1.1 Related work and our contribution

A special case of our sparse tensor graphical model when K = 2 is the sparse matrix graphical
model, which is studied by [SHS8]]. In particular, [S] and [6] only establish the existence of a local
optima with desired statistical guarantees. Meanwhile, [[7] considers an algorithm that is similar to
ours. However, the statistical rates of convergence obtained by [6} [7]] are much slower than ours
when K = 2. See Remark [3.6]in §3.1]for a detailed comparison. For K = 2, our statistical rate of
convergence in Frobenius norm recovers the result of [3]. In other words, our theory confirms that the
desired local optimum studied by [S]] not only exists, but is also attainable by an efficient algorithm. In
addition, for matrix graphical model, [8]] establishes the statistical rates of convergence in spectral and
Frobenius norms for the estimator attained by a similar algorithm. Their results achieve estimation
consistency in spectral norm with only one matrix observation. However, their rate is slower than
ours with K = 2. See Remark [3.11]in §3.2]for a detailed discussion. Furthermore, we allow K to
increase and establish estimation consistency even in Frobenius norm for n = 1. Most importantly,
all these results focus on matrix graphical model and can not handle the aforementioned motivating
applications such as the gene-tissue-mouse-age tensor dataset.

In the context of sparse tensor graphical model with a general K, [9] shows the existence of a
local optimum with desired rates, but does not prove whether there exists an efficient algorithm
that provably attains such a local optimum. In contrast, we prove that our alternating minimization
algorithm achieves an estimator with desired statistical rates. To achieve it, we apply a novel theoretical
framework to separately consider the population and sample optimizers, and then establish the one-
step convergence for the population optimizer (Theorem [3.1]) and the optimal rate of convergence
for the sample optimizer (Theorem[3.4). A new concentration result (Lemma[B.T) is developed for
this purpose, which is also of independent interest. Moreover, we establish additional theoretical



guarantees including the optimal rate of convergence in max norm, the estimation consistency in
spectral norm, and the graph recovery consistency of the proposed sparse precision matrix estimator.

In addition to the literature on graphical models, our work is also closely related to a recent line of
research on alternating minimization for non-convex optimization problems [[10-H13]]. These existing
results mostly focus on problems such as dictionary learning, phase retrieval and matrix decomposition.
Hence, our statistical model and analysis are completely different from theirs. Also, our paper is
related to a recent line of work on tensor decomposition. See, e.g., [14H17]] and the references therein.
Compared with them, our work focuses on the graphical model structure within tensor-valued data.

Notation: For a matrix A = (A; ;) € R¥? we denote ||A |, || A2, ||A| F as its max, spectral,
and Frobenius norm, respectively. We define [|A |1 orr 1= >, ; |A; | as its off-diagonal /1 norm and
Al := max; >, [A; ;| as the maximum absolute row sum. Denote vec(A) as the vectorization
of A which stacks the columns of A. Let tr(A) be the trace of A. For an index setS = {(4,5),¢,j €
{1,...,d}}, we define [A]s as the matrix whose entry indexed by (i, j) € S is equal to A, ;, and
zero otherwise. We denote 14 as the identity matrix with dimension d x d. Throughout this paper, we
use C, C1, Cy, . .. to denote generic absolute constants, whose values may vary from line to line.

2 Sparse tensor graphical model

2.1 Preliminary

We employ the tensor notations used by [[18]. Throughout this paper, higher order tensors are denoted
by boldface Euler script letters, e.g. 7. We consider a K -th order tensor 7 € R™1Xm2xXmk,
When K = 1 it reduces to a vector and when K = 2 it reduces to a matrix. The (iy,...,ix)-th
element of the tensor 7 is denoted to be 7;, . ;,. Meanwhile, we define the vectorization of T
as VCC(T) = (71,1,...,17 R 7;n1,1,...,1a R a7-1,m2,...,'rnKa7’-m1,m2,...,mK)T € R™ withm = Hk mg.
5 )1/2

In addition, we define the Frobenius norm of a tensor 7 as || 7|7 := (>, ;. T2 i

For tensors, a fiber refers to the higher order analogue of the row and column of matrices. A fiber is
obtained by fixing all but one of the indices of the tensor, e.g., the mode-k fiber of 7 is given by
Tit,eoorsint.yins1,ix - Matricization, also known as unfolding, is the process to transform a tensor
into a matrix. We denote 7y as the mode-k matricization of a tensor 7, which arranges the mode-k
fibers to be the columns of the resulting matrix. Another useful operation in tensors is the k-mode
product. The k-mode product of a tensor 7~ € R X™m2X XMk with a matrix A € R/*™* is denoted
as T X A and is of the size iy X + -+ X mp_1 X J X M1 X -+ - X my. Its entry is defined as (7 X
A)is i rinstsenin = ZZ:":l Tir,....ix Aj i, - In addition, for a list of matrices {A+,..., Ag}

with Ay € R™*™e k=1 ... K,wedefine 7 x {Aq,...,Ax} =T x1 A1 Xg--+ Xg Ag.

2.2 Model

A tensor T € R™Mm1xm2>x-Xmk fo]lows the tensor normal distribution with zero mean and covariance
matrices X1, ..., 3, denoted as T ~ TN(0; X1, ..., X ), if its probability density function is

K
p(T|Z1,...,Bk) = (zw)—m/Q{H |2k—m/<2’"k)} exp (— [T x=7Y2|2/2), @D
k=1

where m = Hszl my and X712 = {21_1/2, . .,2;(1/2}. When K = 1, this tensor normal
distribution reduces to the vector normal distribution with zero mean and covariance 3. According
to [9L[18]], it can be shown that T ~ TN(0; X4, ..., X ) if and only if vec(7) ~ N(vec(0); Xk ®
.-+ ® 31), where vec(0) € R™ and ® is the matrix Kronecker product.

We consider the parameter estimation for the tensor normal model. Assume that we observe in-
dependently and identically distributed tensor samples 71, ..., 7, from TN(0; X7, ..., 3%). We

aim to estimate the true covariance matrices (37, ..., 3% ) and their corresponding true precision
matrices (€7, ..., Q%) where Qf = ;7! (k = 1,..., K). To address the identifiability issue in
the parameterization of the tensor normal distribution, we assume that || Q|| = 1fork =1,..., K.

This renormalization assumption does not change the graph structure of the original precision matrix.



A standard approach to estimate 2, k¥ = 1,..., K, is to use the maximum likelihood method
via (2.1). Up to a constant, the negative log-likelihood function of the tensor normal distribution
is w[S(Vx @ -+ © Q)] — Sp, (m/my) log ||, where S := 15" vec(T;)vec(T;)T. To
encourage the sparsity of each precision matrix in the high-dimensional scenario, we consider a
penalized log-likelihood estimator, which is obtained by minimizing

K K
1 1
Gn( Q.. Q) 1= Sk © - © )]~ ; o log |62 + ;ka(ﬂk), 2.2)
where Py, (-) is a penalty function indexed by the tuning parameter \x. In this paper, we focus on
the lasso penalty [19], i.e., Py, (%) = Ak||€2k]1,0r- This estimation procedure applies similarly to a
broad family of other penalty functions.

We name the penalized model from (2.2)) as the sparse tensor graphical model. It reduces to the sparse
vector graphical model [20, 21]] when K = 1, and the sparse matrix graphical model [SH8]] when
K = 2. Our framework generalizes them to fulfill the demand of capturing the graphical structure of
higher order tensor-valued data.

2.3 Estimation

This section introduces the estimation procedure for the sparse tensor graphical model. A com-
putationally efficient algorithm is provided to estimate the precision matrix for each way of the
tensor.

Recall thatin 2.2), ¢, (21, . . ., 2k ) is jointly non-convex with respect to €21, . . ., 2. Nevertheless,
an (4, ..., Q) is a bi-convex problem since ¢, (21, . .., Q) is convex in £, when the rest K — 1
precision matrices are fixed. The bi-convex property plays a critical role in our algorithm construction
and its theoretical analysis in

According to its bi-convex property, we propose to solve this non-convex problem by alternatively
update one precision matrix with other matrices fixed. Note that, for any &k = 1, ..., K, minimizing
(2.2) with respect to €2, while fixing the rest K — 1 precision matrices is equivalent to minimizing

1
L(Qy) = (SkQ) — mik log || + Ak || Q|10 (2.3)

—1r
mg
Here Sy i= 25 370 VEVET where VE = [T: < {1/, % 1, @, %)) )
with x the tensor product operation and [-] ;) the mode-k matricization operation defined in §2.1} The
result in (2:3) can be shown by noting that V¥ = [Ty, (Q}(/2 ®- - ®Q,1€f1 20/’ ® - Q}/Q)T
according to the properties of mode-k matricization shown by [[18]]. Hereafter, we drop the superscript
k of V¥ if there is no confusion. Note that minimizing (2.3)) corresponds to estimating vector-valued
Gaussian graphical model and can be solved efficiently via the glasso algorithm [21]].

Algorithm 1 Solve sparse tensor graphical model via Tensor lasso (Tlasso)

1: Input: Tensor samples 77 . .., 7,, tuning parameters Ay, ..., i, max number of iterations 7.
2: Initialize QEO), cee Q(Ig) randomly as symmetric and positive definite matrices and set t = 0.
3: Repeat:

4:t=t+1.

5: Fork=1,..., K:

6:  Given Q%t), cey Q,(Ql, Q,(f_:ll), cey Q%_l), solve for Q,(;) via glasso [21]].

7: Normalize Q,(f) such that ||Q,(Ct)||p =1

8: End For

9: Untilt =T
10: Output: @, = Q" (k=1,...,K).

The details of our Tensor lasso (Tlasso) algorithm are shown in Algorithm It starts with a random
initialization and then alternatively updates each precision matrix until it converges. In §3| we will
illustrate that the statistical properties of the obtained estimator are insensitive to the choice of the
initialization (see the discussion following Theorem [3.5).



3 Theory of statistical optimization

We first prove the estimation errors in Frobenius norm, max norm, and spectral norm, and then provide
the model selection consistency of our Tlasso estimator. We defer all the proofs to the appendix.

3.1 Estimation error in Frobenius norm

Based on the penalized log-likelihood in (2.2)), we define the population log-likelihood function as

1 |
q(Q,..., Q) := aE{tr[Vec(T)vec(T)T(QK ®-- @)} - Z — log |92]. (3.1

k=1
By minimizing ¢(€24, ..., Qx) with respect to Q, k = 1,..., K, we obtain the population mini-
mization function with the parameter Q(g)_j, := {21, ..., 1, Qx11,..., Lk }, i€,
My (Qg)—k) = argmin q(Qy, ..., Q). (3.2)
Qy

Theorem 3.1. Forany k = 1,..., K, if ; (j # k) satisfies tr(X7€2;) # 0, then the population
minimization function in (3.2) satisfies M, (Qx)—x) = m [my, 1% tr(X78;)] _IQZ.

Theorem 3.1 shows a surprising phenomenon that the population minimization function recovers the
true precision matrix up to a constant in only one iteration. If ; = Q% j # k, then My (Qx)_1) =

Q;. Otherwise, after a normalization such that || M}, (2x]—)||r = 1, the normalized population
minimization function still fully recovers €2;. This observation suggests that setting 7' = 1 in
Algorithm ]is sufficient. Such a suggestion will be further supported by our numeric results.

In practice, when (3.1) is unknown, we can approximate it via its sample version ¢, (21, ..., Q)
defined in (2.2)), which gives rise to the statistical error in the estimation procedure. Analogously to
(3.2), we define the sample-based minimization function with parameter Q(x7_, as

My () = ar%minqn(ﬂl, Q). (3.3)
k

In order to prove the estimation error, it remains to quantify the statistical error induced from finite
samples. The following two regularity conditions are assumed for this purpose.

Condition 3.2 (Bounded Eigenvalues). Forany k = 1,..., K, there is a constant C; > 0 such that,
0< C'1 S )\min(zlt;) S )\max(EZ) S 1/C’l < 00,
where Ayin (27) and Apax (35 refer to the minimal and maximal eigenvalue of 37, respectively.

Condition [3.2] requires the uniform boundedness of the eigenvalues of true covariance matrices 3. It
has been commonly assumed in the graphical model literature [22].

Condition 3.3 (Tuning). For any k = 1, ..., K and some constant C5 > 0, the tuning parameter Ay
satisfies 1/Cay/logmy/(nmmy,) < A < Cay/logmy/(nmmy,).

Condition[3.3]specifies the choice of the tuning parameters. In practice, a data-driven tuning procedure
[23]] can be performed to approximate the optimal choice of the tuning parameters.

Before characterizing the statistical error, we define a sparsity parameter for Q7, k = 1,..., K. Let
Sk == {(¢,7) : [Q}]s,; # 0}. Denote the sparsity parameter s, := [Sy| — my, which is the number
of nonzero entries in the off-diagonal component of Q. Foreach k = 1, ..., K, we define B(€2}) as
the set containing €2} and its neighborhood for some sufficiently large constant radius o« > 0, i.e.,

B(Q}) = {QeR™ ™M . Q=0":0>0;Q - Q| <a}. (3.4)

Theorem 3.4. Assume Conditions[3.2]and[3.3]hold. For any k = 1, ..., K, the statistical error of the
sample-based minimization function defined in (3.3) satisfies that, for any fixed ©2; € B(£2) (j # k),

(3.5)

nm

— )1
| M (k) -1) — Mi(Qxi—1)|| - = Op ( mi(m + 51) Ogmk) ;

where M}, (Qx)—1) and ]\/Jk(Q[K],k) are defined in (3.2) and (3.3), and m = Hszl M.



Theorem [3.4festablishes the statistical error associated with My (€2 ) for arbitrary 2; € B(€27)
with j # k. In comparison, previous work on the existence of a local solution with desired statistical
property only establishes theorems similar to Theoremfor 2; = with j # k. The extension
to an arbitrary €2; € B(27) involves non-trivial technical barriers. Particularly, we first establish the
rate of convergence of the difference between a sample-based quadratic form with its expectation
(Lemma via concentration of Lipschitz functions of Gaussian random variables [24]. This result
is also of independent interest. We then carefully characterize the rate of convergence of Sy, defined
in 2.3) (Lemma[B.2). Finally, we develop (3.5) using the results for vector-valued graphical models
developed by [235]].

According to Theorem [3.1and Theorem|[3.4] we obtain the rate of convergence of the Tlasso estimator
in terms of Frobenius norm, which is our main result.

Theorem 3.5. Assume that Conditions[3.2]and[3.3|hold. For any k = 1, ..., K, if the initialization
satisfies ng) € ]B%(Q;‘) for any j # k, then the estimator 2, from Algorithmwith T = 1 satisfies,

nm

I - %, =op( el o ) 66

where m = Hle my, and B(€2}) is defined in (3.4).

Theorem [3.5] suggests that as long as the initialization is within a constant distance to the truth, our
Tlasso algorithm attains a consistent estimator after only one iteration. This initialization condition

ng) € ]B%(Q;‘) trivially holds since for any Q§O) that is positive definite and has unit Frobenius norm,

we have ||Q§O) — QF |l < 2 by noting that ||Q}||r =1 (k =1,..., K) for the identifiability of the
tensor normal distribution. In literature, [9] shows that there exists a local minimizer of whose
convergence rate can achieve (3.6). However, it is unknown if their algorithm can find such minimizer
since there could be many other local minimizers.

A notable implication of Theorem is that, when K > 3, the estimator from our Tlasso algorithm
can achieve estimation consistency even if we only have access to one observation, i.e., n = 1, which
is often the case in practice. To see it, suppose that K = 3 and n = 1. When the dimensions my, ma,
and mg are of the same order of magnitude and s, = O(my) for k = 1,2, 3, all the three error rates
corresponding to & = 1,2, 3 in (3.6) converge to zero.

This result indicates that the estimation of the k-th precision matrix takes advantage of the information
from the j-th way (j # k) of the tensor data. Consider a simple case that X' = 2 and one precision
matrix 2] = 1,,,, is known. In this scenario the rows of the matrix data are independent and hence
the effective sample size for estimating €23 is in fact nm;. The optimality result for the vector-valued
graphical model [4] implies that the optimal rate for estimating 3 is \/(m2 + s2) log ma/(nm;),
which matches our result in (3.6). Therefore, the rate in (3.6) obtained by our Tlasso estimator is
minimax-optimal since it is the best rate one can obtain even when €7 (j # k) are known. As far as
we know, this phenomenon has not been discovered by any previous work in tensor graphical model.

Remark 3.6. For K = 2, our tensor graphical model reduces to matrix graphical model with Kro-
necker product covariance structure [SHS]|. In this case, the rate of convergence of ﬁl in (3.6) reduces
to \/(m1 + s1) log m1 /(nms), which is much faster than \/mo(my + s1)(logmq + logma)/n es-
tablished by [6] and /(m1 + m2) log[max(m1, m2,n)]/(nms) established by [7]l. In literature, [5]
shows that there exists a local minimizer of the objective function whose estimation errors match ours.
However, it is unknown if their estimator can achieve such convergence rate. On the other hand, our
theorem confirms that our algorithm is able to find such estimator with optimal rate of convergence.

3.2 Estimation error in max norm and spectral norm

We next show the estimation error in max norm and spectral norm. Trivially, these estimation errors are
bounded by that in Frobenius norm shown in Theorem [3.5] To develop improved rates of convergence
in max and spectral norms, we need to impose stronger conditions on true parameters.



We first introduce some important notations. Denote dj, as the maximum number of non-zeros in any
row of the true precision matrices 27, that is,

dy = el max ’{j e{l,...,mg}: [Q]i;

3.7

with | - | the cardinality of the inside set. For each covariance matrix 37, we define rx: = [[ 5]l

Denote the Hessian matrix I';, := ;7' @ Q77! € R™iXmi whose entry (T%](i,5),(s,t) corresponds
to the second order partial derivative of the objective function with respect to [Q2]; ; and [Q]s .. We
define its sub-matrix indexed by the index set Sy, as [T'{]s, s, = [ ' ® @} ']s, s, which is the
[Sk| % |Sg| matrix With rows and columns of I'; indexed by Sj and Sy, respectively. Moreover, we
define Rry 1= |H Sk,Sk -1 ||| . In order to establish the rate of convergence in max norm, we
need to 1mpose an 1rrepresentab1hty condition on the Hessian matrix.

Condition 3.7 (Irrepresentability). Foreach k = 1,..., K, there exists some ay, € (0, 1] such that
* * -1
Tiles, (Tilspse) |, <1— o

max
e€Sy,

Condition [3.7]controls the influence of the non-connected terms in S§ on the connected edges in Sy.
This condition has been widely applied in lasso penalized models [26, [27]].

Condition 3.8 (Bounded Complexity). Foreachk =1,..., K, the parameters 5, kr; are bounded
and the parameter dj, in (3.7) satisfies dj, = o(y/nm/(my logmy)).

Theorem 3.9. Suppose Conditions[3.2]3.3|[3.7/and[3.8hold. Assume s, = O(my) fork =1,..., K
and assume mjcs are in the same order, i.e., m; < mo < --- < mg. For each k, if the initialization

satisfies ng) € ]B%(Q;‘) for any j # k, then the estimator Q. from Algorithmwith T = 2 satisfies,

1€ — Q]| = Op ( m’“logm’“> : (3.8)

nm
In addition, the edge set of €y, is a subset of the true edge set of Q2 that is, supp(ﬁk) C supp(£2}).

Theorem [3.9|shows that our Tlasso estimator achieves the optimal rate of convergence in max norm
[4]. Here we consider the estimator obtained after two iterations since we require a new concentration
inequality (Lemma [B.3)) for the sample covariance matrix, which is built upon the estimator in
Theorem A direct consequence from Theorem [3.9|is the estimation error in spectral norm.

Corollary 3.10. Suppose the conditions of Theorem[3.9]hold, for any k£ = 1,. .., K, we have

1€ — ], = Op (dk m"'logm’“> . (3.9)

nm

Remark 3.11. Now we compare our obtained rate of convergence in spectral norm for K = 2 with
that established in the sparse matrix graphical model literature. In particular, [8] establishes the rate
of Op (y/my(si, V 1) log(my V ma)/(nmy)) for k = 1,2. Therefore, when d7 < (s; V 1), which
holds for example in the bounded degree graphs, our obtained rate is faster. However, our faster rate
comes at the price of assuming the irrepresentability condition. Using recent advance in nonconvex
regularization [28]], we can eliminate the irrepresentability condition. We leave this to future work.

3.3 Model selection consistency

Theorem [3.9]ensures that the estimated precision matrix correctly excludes all non-informative edges

and includes all the true edges (¢, j) with |[Q}]; ;| > C\/my log my, /(nm) for some constant C' > 0.
Therefore, in order to achieve the model selectlon con51stency, a sufficient condition is to assume that,
foreach k = 1,..., K, the minimal signal 0} := min(;, J)Esupp(€2; =) [ ];,5 is not too small.

Theorem 3.12. Under the conditions of Theorem 1f O > C+/mylogmy/(nm) for some
constant C' > 0, then forany k = 1,..., K, sign(€) = sign(£2},), with high probability.
Theorem [3.12]indicates that our Tlasso estimator is able to correctly recover the graphical structure of

each way of the high-dimensional tensor data. To the best of our knowledge, these is the first model
selection consistency result in high dimensional tensor graphical model.



4 Simulations

We compare the proposed Tlasso estimator with two alternatives. The first one is the direct graph-
ical lasso (Glasso) approach [21]] which applies the glasso to the vectorized tensor data to es-
timate 2] ® --- ® 7} directly. The second alternative method is the iterative penalized max-
imum likelihood method (P-MLE) proposed by [9]], whose termination condition is set to be

~

S 900 - 8V ,/K < 000,

For simplicity, in our Tlasso algorithm we set the initialization of k-th precision matrix as 1,,, for each

k=1,..., K and the total iteration T" = 1. The tuning parameter )y, is set as 20+/log my, /(nmmy,).
For a fair comparison, the same tuning parameter is applied in the P-MLE method. In the direct
Glasso approach, its tuning parameter is chosen by cross-validation via huge package [29].

‘We consider two simulations with a third order tensor, i.e., K = 3. In Simulation 1, we construct a
triangle graph, while in Simulation 2, we construct a four nearest neighbor graph for each precision
matrix. An illustration of the generated graphs are shown in Figure[l] In each simulation, we consider
three scenarios, i.e., sl: n = 10 and (my, mo, m3) = (10, 10, 10); s2: n. = 50 and (mq, ma, m3) =
(10,10,10); s3: n = 10 and (my, ma,m3) = (100,5,5). We repeat each example 100 times
and compute the averaged computational time, the averaged estimation error of the Kronecker
product of precision matrices (mqmams) Hﬂl ® RV - R " the true positive
rate (TPR), and the true negative rate (TNR). More specifically, we denote a; ; be the (i,7)-th
entry of Q] ® --- ® €%, and define TPR := ZZ W@ # 0,a7; #0)/ Z” ]l( a; ; # 0) and

TNR := 3, ]1az =0,a;; =0)/3,1(aj; =0).

As shown in Figure[I] our Tlasso is dramatically faster than both alternative methods. In Scenario
s3, Tlasso takes about five seconds for each replicate, the P-MLE takes about 500 seconds while
the direct Glasso method takes more than one hour and is omitted in the plot. Tlasso algorithm is
not only computationally efficient but also enjoys superior estimation accuracy. In all examples, the
direct Glasso method has significantly larger errors than Tlasso due to ignoring the tensor graphical
structure. Tlasso outperforms P-MLE in Scenarios sl and s2 and is comparable to it in Scenario s3.

0.08:

400 008
N 4( N Glasso 0.06 Glasso
300 06 <P-MLE ZPWE
Tiasso Tlasso
0 8 0.04
S0 2200 10,04
E - Glasso Glasso
100 ~PMLE | <+P-MLE 0.02
Tlasso Tiasso 0.02 )
s1 s2  s3 s1 s2 83 s1 s2 83 s1 s2  s3
Scenarios Scenarios Scenarios Scenarios

Figure 1: Left two plots: illustrations of the generated graphs; Middle two plots: computational time;
Right two plots: estimation errors. In each group of two plots, the left (right) is for Simulation 1 (2).

)

)

seconds
@
&
S]
rrors
>
Errors

Time (seconds
S

Table|l|shows the variable selection performance. Our Tlasso identifies almost all edges in these six
examples, while the Glasso and P-MLE method miss several true edges. On the other hand, Tlasso
tends to include more non-connected edges than other methods.

Table 1: A comparison of variable selection performance. Here TPR and TNR denote the true positive
rate and true negative rate.

Scenarios Glasso P-MLE Tlasso
TPR TNR TPR TNR TPR TNR
sl | 0.27 (0.002) 0.96 (0.000) 1(0) 0.89 (0.002) 1(0) 0.76 (0.004)
Sim 1s2 | 0.34(0.000) 0.93 (0.000) 1(0) 0.89 (0.002) 1(0) 0.76 (0.004)
s3 / / 1(0) 0.93 (0.001) 1(0) 0.70 (0.004)
sT_| 0.08(0.000) 0.96 (0.000) | 0.93 (0.004) 0.88 (0.002) 1(0) 0.65 (0.005)
Sim2s2 | 0.15(0.000) 0.92 (0.000) 1(0) 0.85 (0.002) 1(0) 0.63 (0.005)
$3 / / 0.82(0.001)  0.93 (0.001) | 0.99(0.001) 0.38 (0.002)
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Non-convex Statistical Optimization for Sparse Tensor
Graphical Model (Supplementary Material)

In this supplementary note, we provide the proofs of our main theorems in prove the key lemmas
in §B] list the auxiliary lemmas in §C] and illustrate additional simulation results in

A Proof of main theorems

Proof of Theorem 3.1} To ease the presentation, we show that Theorem [3.1holds when K = 3. The
proof can be easily generalized to the case with K > 3.

We first simplify the population log-likelihood function. Note that when 7 ~ TN(0; X7, 33, %),
Lemma 1 of [9] implies that vec(7) ~ N(vec(0); 3 ® X3 ® X7). Therefore,
E{tr[vec(T)vee(T) (2 ® 2 @ )]} = (550 550 B7)(2 @ 0y @ Q)]
= tr(Z50)tr(B300)tr(Z7Q),
where the second equality is due to the properties of kronecker product that (A ® B)(C ® D) =

(AC) ® (BD) and tr(A ® B) = tr(A)tr(B). Therefore, the population log-likelihood function can
be rewritten as

tr(X3823)r(3582,)tr(570)

mimams

q(Q21,22,903) =

1 1 1
— —log || — — log || — — log |3].
mq mo ms

Taking derivative of g(€21, Q2, Q3) with respect to £2; while fixing 5 and Q3, we have

(Bt (ZEQ 1
Vi€, @, ) — HERIE ) o 1

mimams mi

(P

Setting it as zero leads to 27 = mamg[tr(X5Q3)tr(X5Q2)] "1 5. This is indeed a minimizer of
q(921, 2, Q3) when fixing Q5 and 023, since the second derivative V3g(Q1, Qo, Q23) = m; Q7' ®
Qfl is positive definite. Therefore, we have

moms
tr(2§93)tr(2392)

Mi(Q22,Q3) = Q7. (A1)

Therefore, M7 (€2, Q3) equals to the true parameter f up to a constant. The computations of
M (821, 23) and M3(£2y, £22) follow from the same argument. This ends the proof of Theorem[3.1} l

Proof of Theorem [3.4; To ease the presentation, we show that (3.3 holds when K = 3. The proof
of the case when K > 3 is similar. We focus on the proof of the statistical error for the sample

minimization function M; (22, Q3).

By definition, Ml(ﬂg, Q3) = argming, ¢, (21, Q2, Q3) = argming L(€2;), where

1
L) = (S1921) — p— log |€21] 4+ A1 || |10t

—1r
my
with the sample covariance matrix

S, = 1 ZVlVlT with V; = [7; X {]lmm Q;/Z’ Qé/Q}](l)
=1

momsn

For some constant H > 0, we define the set of convergence

1
A= {Aelexml IA:AT,||A||F=H\/(m1+Sl) Ogml}'
nmomms

The key idea is to show that
Jnf, {L(My(02,93) + A) — L(M(Q2,93)) } >0, (A2)



with high probability. To understand it, note that the function L (M, (€2, 23)+A) —L(M; (22, Q3))
is convex in A. In addition, since M, (22, Q3) minimizes L(€2;), we have
L(]/\/.Tl(ﬂg, 93)) - L(Ml(ﬂg, 93)) < L(Ml(ﬂz, Qd)) — L(Ml(ﬂg, Qg,)) =0.

If we can show (A.2), then the minimizer A = ]/\/[\1(92, Q3) — M1(Q2,Q3) must be within the
interior of the ball defined by A, and hence ||A||r < H+/(m1 + s1)logmi /(nmams). Similar
technique is applied in vector-valued graphical model literature [25].

To show (A.2), we first decompose L(Ml(ﬂz, Q3) + A) — L(Ml(ﬂg, Qg)) = I, + I, + I3, where

1 1
Il = 7tr(ASl)7 7{10g|M1(923Q3)+A| 710g|M1(927Q3)|})
mq mq
Iy = M{|[[M1(Q2,925) + Als, |1 — [I[M1(222,23)]s, [|1 },
Is = M {[[[M1(Q2,Q3) + Alse|l1 — [|[[M1(Q2, 23)]sc 1 }-

It is sufficient to show I; + Is + I3 > 0 with high probability. To simplify the term I;, we employ
the Taylor expansion of f(t) = log|M; (22, 3) + tA] att = 0 to obtain

IOg |M1(QQ, Qg) + A| — IOg |M1(QQ, Qg)|

= tr{[Mi (0, Q)] A} — [vec(A)]T {/01(1 —v)M, ! ®Myldy] vec(A),

where M, := M7 (2, Q3) + vA € R™1*™1 This leads to

I = ({81 = (M1 (2,92) " }A) + —frec(A)] [ |a-vnte M;ldv} vee(A)

1

111 112

For two symmetric matrices A, B, it is easy to see that [tr(AB)[ = [ 3_, . A; ;B ;|. Based on this

observation, we decompose [1; into two parts: those in the set S; = {(¢, j) : [Q2]]; ; # 0} and those
not in S;. That is, |Ill| < Ii11 + 1112, where

Iy = 7‘ Z {Sl [M1(€22, 25)] 1}
(1.1 €81

I = 7‘ Z {Sl (M1 (92, 23)] 1}11A”
(4,5)¢S1

Bound 771 : For two matrices A, B and a set S, we have

‘ Z A, B, ; <maX\A”|‘ Z i

(i,7)€S (i,7)€S

< VIS|max|Ai;[[Bllr,

where the second inequality is due to the Cauchy-Schwarz inequality and the fact that Z( J)es B? i <
| B||%. Therefore, we have

s1+m _
L < YT max {8y = (M (€2 20)] 7 1A
1 z
I H - I
< C\/(ml +;1) ogm INE C’ (mq + s1) ogm1, (A3)
nmlmzm nmimsoms

where (A3) is from Lemma|[B.2] the definition of M (€22, 23) in (AT), and the fact that A € A.

Bound 7;5: For any vector v € RP and any matrix A € RP*P, the variational form of Rayleigh
quotients implies Apin(A) = min|y—; x' Ax and hence Apin(A)[|v[> < vT Av. Setting v =

vec(A) and A = fol(l —v)M, ! ® M, 'dv leads to

1 1
I > mi”VeC(A)”g/ (1 - V))\min (M;l ® MJI) dw.
1 0



Moreover, by the property of kronecker product, we have
Amin (M7 @ M) = i (MG )] = Pmax(M,)] 72,
In addition, by definition, M,, = M; (€22, 23) + v A, and hence we have
Amax [ M1 (Q2, Q3) + VA] < Apax[M1 (22, 23)] + Amax (VA).

Therefore, we can bound [;5 from below, that is,

vec(A)|3 . 2
112 = % 021’/121 [/\max [Ml(ﬂ2a 93)] + /\maX(VA)]
[vec(A)|13 -2
— ||| M1(22, 2 A .
> S [IM1(Q2,Q3) |12 + [|A[l2]
On the boundary of A, it holds that ||All2 < ||A|lr = o(1). Moreover, according to (A1), we have
moms 100 1.5
My (022, = Qe < —|1Z7]] < — A4
|| 1( 25 3)”2 tr(Egﬂg)tr(Egﬂg) || IHQ =81 H 1||2 = 017 ( )

where the first inequality is due to

r(X303) = u[E3(Qs — Q3) + Ly, > my — [0[B3(Q3 — Q3)]|
> ma — || Z5][F[Q23 — Q3||p > ms(1 — af|Z3]]2//m3) > 0.9ms,

for sufficiently large ms. Similarly, it holds that tr(33€23) > 0.9ms. The second inequality in (A.4)
is due to Condition [3.2] This together with the fact that [[vec(A)||2 = |A|r = o(1) < 0.5/C for
sufficiently large n imply that

lvec(A)]3 ((1) _ CRH®  (my + 1) logmy

Iip > (A.5)

2my 2 8 nm1mMams
which dominates the term 717 for sufficiently large H.

Bound /»: To bound I, we apply the triangle inequality and then connect the ¢; matrix norm with
its Frobenius norm to obtain the final bound. Specifically, we have

2] < A [[[As, |l = A |A ;1 <A1 [(s1+m1) A? < MVsFmi|Allp,
»J

(i,7)€S1 (4,7)€S1

where the first inequality is from triangle inequality, the second inequality is due to the Cauchy-
Schwarz inequality by noting that s; = |S;| — m1, and the last inequality is due to the definition of

Frobenius norm. By Condition M < Cy \/ log m /(nm2mams). Therefore,

(m1 + s1) logmy
nmimsoimms

|I,| < CoH -

which is dominated by I for sufficiently large H according to (A.5).

Bound I3 — |I112|: We show I3 — |I112| > 0. According to (A.T)), we have that M; (Q5, €23) equals
Q7 up to a non-zero coefficient. Therefore, for any entry (7, j) € S§, we have [M;(Q2, 23)]; ; = 0.
This implies that

I3 =X\ Z { [[M (92, Q3)]i,5 + A j] — [[M1(Q2,23)]i 5]} = M Z |A;
(4,5)€5% (i,5)€8%

This together with the expression of 1715 and the bound in Lemma@] leads to

Is—I12 = Z {)\1 —my' {81 — [M1(92793)]_1}i,]—} 1A
(4,5)€SY

1
(1=t ) 5 a0
nmiymsams = ,
(1,5)€S¢

Y



as long as 1/C5 > C for some constant C', which is valid for sufficient small C5 in Condition

Combining all these bounds together, we have, for any A € A, with high probability,
L(M;(Q2,9Q3) + A) — L(M1(22,83)) > Iio — 111 — |I2| + I3 — 112 > 0,

which ends the proof Theorem 3.4] ]

Proof of Theorem We show it by connecting the one-step convergence result in Theorem
and the statistical error result in Theorem [3.4] We show the case when K = 3. The proof of the

K > 3 case is similar. We focus on the proof of the estimation error Hﬁl i

To ease the presentation, in the following derivation we remove the superscript in the initializations
Qéo) and Qéo) and use 25 and 3 instead. According to the procedure in Algorithm 1, we have

_ a M (92, Q) M, (22, Q)

I -ail, = |= T
(| M1 (22, Q3) HF ||M1(Q2,93)HF F
M1 QQ,Q‘; _ Ml(QQ,Q{s) + M1(92793) _ M1(92593)
e P S A [ ST R

T | Mi(Qs, Q5) — My (R, 95)]| .,
HM1(92,93 HFH 1( 2,€23) 1(022 3)HF

where the last inequality is due to the triangle inequality ||a| — |b|| < |a — b| and the summation of
two parts. We next bound HM 1(22, Q3) H - By triangle inequality,
||J\/4\1(92,Q3)||F > ||M1(Q2, Q3)||F — HMl(Qz, Qs3) — M\1(92793)HF > 27| My (Q2,923) || p,
since || M1 (22, Q3) — M\l(ﬂg, Q3) HF = op(1) as shown in Theorem Moreover, by the Cauchy-
Schwarz inequality, we have

w(350) < |37 Q)lr < ma[3B5l2[[Q2]l2 < 2ms/Cy,

due to Condition[3.2]and the fact that 2, € B(€23). Similarly, we have tr(35€23) < 2m3/Cy. This
together with the expression of M (€25, Q) in (AT) imply that || M; (€25, 23)|| ,, > CF/4 and hence

0 * 8 77 my(my + s1)logm
||ﬂl—nl||F§C2||M1<ng,ng>_M1(92,93)||F_op<\/ 1(ma + 51) log )
1

nmimsomms

according to Theorem[3.4] This ends the proof Theorem 3.3] [ |

Proof of Theorem [3.9: We prove it by transferring the optimization problem to an equivalent
primal-dual problem and then applying the convergence results of [27]] to obtain the desirable rate of
convergence.

Given the sample covariance matrix S, defined in Lemma according to (2.3), for each k =

1,..., K, the optimization problem has a unique solution £2; which satisfies the following Karush-
Kuhn-Tucker (KKT) conditions

Sk — Qi + meAiZy =0, (A.6)
where Z r € R™ X% belongs to the sub-differential of || Q|1 o evaluated at Q &, that is,
0, ifi=j
(Z)sj = 4 sign([xli;) ifi # jand [Qlij #0
€[-1,41] ifijand [ lij =0.

Following [27]], we construct the primary-dual witness solution (ﬁ ks Z %) such that

Q= argmin {1r(8x82) — 10g 82| + muAel| Rl o}
Qy >O7Qk=n;7[nk]§z =0



where the set Sy, refers to the set of true non-zero edges of 2. Therefore, by construction, the
support of the dual estimator £2;, is a subset of the true support, i.e., supp(£2j,) C supp(£2,). W
then construct Zj, as the sub-differential Z;, and then for each (1,7) € S¢, we replace [Zk] i w1th
([ﬁ; lii — [Sk]w)/(mk)\k) to ensure that (€2, Zy,) satisfies the optimality condition (A.6).

Denote A := €2, — Q7 and R(A) := ﬁ e 1AQ !, According to Lemma 4 of [27],

in order to show the strict dual fea51b111ty Q) = =0 k» 1L 1S sufﬁ01ent to prove

TR AR
o IR oo} < S
with «, defined in Condition As assumed in Condition [3.3] the tuning parameter satisfies

1/Cy\/logmy/(nmmy) < A\, < Coy/logmy/(nmmy,) for some constant Cy > 0 and hence
apmiAg/8 > Csv/my log my /(nm) for some constant Cs > 0.

In addition, according to Lemma|[B.3] we have

ISk - =il = Or ( max \/(mj Jrsj)bgmj) :
o j=1,..K nm

Under the assumption that s; = O(m;) for j =1,..., K and m; < mg < --- < mg, we have

8- il = 0n (/0.
nm

Therefore, there exists a sufficiently small constant Cs such that H/S\k -3 ||Oo < apmiAi/8.

maX{H/S\k —

Moreover, according to Lemma 5 of [27]], |R(A)|lc < 1.503;€||A||C2>0/f§Jz as long as ||Alle <
(Sngdk)’l. According to Lemma 6 of [27], if we can show

= 2KF2(|/S\k_EZ||oo+mk>\k') Smin{ 1 L },

3&2261]@’ Ii?)’:zli[‘zdk
then we have || Al|o < 7. By Condition  kry and Ky EZH +

my A is in the same order of /my, log my /(nm), which is in a smaller order of d by the assump-
tion of dj, in Condition [3.8] Therefore, we have shown that |IR(A)]oo < mk)\k for a sufficiently
small constant Cy.

Combining above two bounds, we achieve the strict dual feasibility ﬁk -Q .. Therefore, we have
supp(€2;) C supp(€2;) and moreover,

~ . my, logm
[ - 0] - Anoozop( g)
nm
This ends the proof of Theorem ]

B Proof of key lemmas

The first key lemma establishes the rate of convergence of the difference between a sample-based
quadratic form and its expectation. This new concentration result is also of independent interest.

Lemma B.1. Assume i.i.d. data X, Xy, ..., X, € RP*? follows the matrix-variate normal distribu-
tion such that vec(X;) ~ N(0; * ® 3*) with ¥* € R?7*9 and £* € RP*P. Assume that 0 < C <
)\min(E*) < )\max(E*) < 1/01 <ooand 0 < Oy < )\min(‘I’*) < )\max(‘I’*> < 1/02 < oo for
some positive constants C, Cs. For any symmetric and positive definite matrix € RP*P, we have

max{ ZXTQX—]E(XTQX)} :op< k’gq).
]

1,] np



Proof of Lemma B.1} Consider a random matrix X following the matrix normal distribution such
that vec(X) ~ N(0; ¥* @ £*). Let A* = ¥* ! and Q* = I* 7L Let Y := (Q%)1/2X(A*)Y/2.
According to the properties of matrix normal distribution [30], Y follows a matrix normal distribution
such that vec(Y) ~ N(0; 1, ® 1,,), that is, all the entries of Y are i.i.d. standard Gaussian random
variables. Next we rewrite the term X " QX by Y and then simplify it. Simple algebra implies that

XTQX — (A*)_l/QYT(Q*)_1/QQ(Q*)_1/2Y(A*)_1/2.
When Q is symmetric and positive definite, the matrix M := (2*)~1/2Q(2*)~1/2 € RP*? is also
symmetric and positive definite with Cholesky decomposition U U, where U € RP*P, Therefore,
XTOX = (A*)"V2yTuTuy(A*) V2,

Moreover, denote the column of the matrix (A*)~/2 a (A*)( 1/2 and denote its row as (A*"); 1/2
fori,5 = 1,...,q. Define the standard basis e; € IRY as the vector with 1 in its ¢-th entry and 0 in all
the rest entries. The (s, ¢)-th entry of matrix X " 2X can be written as
* x\—1/2
{(XTaxX} , =elXTOXe, = (A");2YTUTUY(A") /%
For the sample matrices X, . . ., X,,, we apply similar transformation that Y; = (£2*)/2X;(A*)"/2,
We apply the above derivation to the sample-based quadratic term X, QX;. Let A = (ay,...,a,) €

RPX" with a; = UY;(A*); /2 € RP and B = (by,...,b,) € RP*" with b; = UY; (A*) 12 ¢
RP. Then we have

(axiox] | = oY Ly yoaum,

np

=1 =1 j=1
1 &
= Inp > {(Ai; +Biy)? - (Ai; - Bij)?}
i=1 j=1

1
— M{H\/ﬁtC(A)—&—Vec(B)H§+Hvec( —vec(B)[3}. (B.1)

Next we derive the explicit form of vec(A) and vec(B) in (B.I). Remind that (A*);l/ % is a vector

of length ¢. By the property of matrix products, we can rewrite a; = [(A*)s 12 Ulvec(Y;), where
® is the Kronecker product. Therefore, we have

vec(A) = [1,®(A%) Y2 @ Ult:=Qut,
vec(B) = [1,®(A");"? @ Ut = Qut,
where t = {[vec(Y1)]",..., [vec(Yn)]T}T € R"1 is a vector with npq i.i.d. standard normal

entries. Here Q; :=1,, (X)(A*)S_l/2 ®@Uand Qy := 1, ®(A*)t_1/2 ® U with Q, Q, € R™Pxnpa,
By the property of multivariate normal distribution, we have

vec(A) + vec(B) ~ N(0;(Q1 +Q2)(Q1 4+ Q2) ") :=N(0; Hy),
vec(A) —vec(B) ~ N(0;(Qi —Q2)(Q1 — Q2) ") := N(0; Hy).

Next, we bound the spectral norm of two matrices H; and Hy. By the property of matrix norm and
the fact that one matrix and its transpose matrix have the same spectral norm, we have

[Hyl2 < |QiQ1 [l2 +2/1Q1Q3 [I2 + [1Q2Q3 |2,

then we bound each of these three terms individually. According to the definition of Q; and the
property of matrix Kronecker products, we have

QQ] = [1,8(A")20U][1, 0(A"); 1/2®U]
L, @(A%)2(AN)T?T @ M,

where the last equality is due to the fact that (C; ® Co) T = C] ® CJ and (C; ® C3)(C3® Cy) =
(C1C3) ® (C2C,y) for any matrices Cy, ..., Cy such that the matrix multiplications C;C3 and



C4Cy are valid. Moreover, we also use the Cholesky decomposition of M, i.e., M = UTU. Remind
that (A*)s Y 2[(A*) 1 2] € R, therefore, the spectral norm Q;Q; can be written as
1QiQTla = [(AM)TVEIAND) T L [f2]M]l
< [Tz M]l2 < (1+a/Ch) /Co.
Here the first inequality is because || 1,, || = 1 and
|(A*):1/2[(A*):1/2]T’ _ ||[(A*>;1/2]T(A* —-1/2

< max ||[(*)}/?] T (w") /2
J

I, I

IN

| _Zq]<‘1'*>§/ SRS VS S

and the second inequality is because ||®¥*||2 < 1/C5 and
M. = @) 2@ = @) TR - @) T 4 1,

IN

1) 2131182 — 27|z + 1 < [IZ*]2|2 - 2*||p + 1 < 1+ a/Ch.

Similarly, we have ||Q2Qg ||2 < (1 + a/C1) /Ca. For ||Q1Q; ||2, similar arguments imply that
QiQ; = L, @A) 2[(A), T e M,
and hence its spectral norm is bounded as
*\ — x\—1/2
[QuQI12 = I(AY2A) 7] [ L [a]M]2
< M|z < (14 a/Ch) /Cs,

where the first inequality is because the above derivation and the Cauchy-Schwarz inequality. Specifi-
cally, let ¥* = (W7 ), we have

(A VAT = (@) T = | Z‘P* o )

g 1/4
< {Qe) X e} < VTR <o

Jj=1 Jj=1

Applying the same techniques to ||Hz||2, we have
[Hillz < 4(1+a/C1) /0, (B.2)
[Hallz < 4(1+a/Ch)/Co. (B.3)

Next, we apply Lemmam C.3|to bound the (s, t) th entry of the differential matrix between the sample-
based term and its expectation. Denote ps ; := [p~!E(X " Q2X)], ;. According to the derivation in

(B-1)), we have

I « 1
— 3 X/ 0X; - —E(XTQX)
P b st

1 0 At psy 1 o Agt—psi
= me ZZJ-(% +by)" - ———| — I izj(%' —by)" - ——— |, B4
where A ; is defined as
A= E{(4np)_1 > lai; +bij)* + (aiy — bij)z]}-
]
Furthermore, according to the definition of p; ; and (B-I), we have E{(4np)~" 37| 37 [(ai; +
bij)? — (aij — bij)?]} = ps.+. Therefore, we have
A+ psit

E{(4np)~* Z(aij +biy)%} = — g (B.S)
4,J
As - Ms,t
E{(4np)~" Z(aij - b))} = % (B.6)
4,J



Therefore, implies that, for any 6 > 0,
JPH{ni ijnxi - 1JE(XTQX)}

H* aw +bw) _2(Ast+p> t)

> 9] <

s,t

> 26} —HP’Hf (aij — bij)2 —2(Ast — psit)
i

>25].

I, Iz
Remind that 37" | >, (ai; + bij)* = vec(A) + vec(B) ~ N(0;Hy) and 327", 38, (aij —
bij)* = vec(A) —vec(B) ~ N(0; Hy). According to and (B:6), we apply Lemma|C.3|to obtain

2
np 0 2 )}
L < 2ex - — - — + 2exp(—np/2),
L, < 2e { ”p< 0 2 >2}+2e (—np/2)
Xp{q — — - — xp(—n .
SR G R PR e

Finally, in order to derive the convergence rate of the maximal difference over all index (s, t), we
employ the max sum inequality. That is, for random variables x1, ..., x,, we have P(max; z; >
t) <> P(x; > t) < nmax; IP’(Q:Z- > t). This together with (B.2) and imply that

P{I(riagi{ ZXTQX - E(XTQX)}SJ > 5]
5C,C 2 1?
< 4¢? exp{ — np[ (Cll+2 ) — \/TTp:| } + 4¢% exp(—np/2). (B.7)

Let § = 8(Cy + a)(C1C2) " 4+/log ¢/(np) + 3(np)~*/?] in (B7) which satisfies the condition in
Lemma since § > 2(np)~'/? when g is sufficiently large. Therefore, we obtain the desirable
conclusion that, with high probability,

1 log q
X, QX; - 4@ XTOX = .
wiim s wam} -or({5)

np
s,t
This ends the proof of Lemma [B.1] [ |
Lemma B.2. Assume i.i.d. tensor data 7,71, ..., 7, € R xm2XXmxK follows the tensor normal

distribution TN(0; X7, ..., X%). Assume Condition holds. For any symmetric and positive
definite matrices Q; € R™ %™ j # k, we have

mi ([ ;.0 r(3595)] ,

E[S:] = X
[ k] m k>
for Sy = £ 5"V, V] with V; = [T; x {Q}/Q,...,Q,fl,]lmk,nifl,...,91/2}}(k) and
m = [1_, mx. Moreover, we have
m o tr( 25 1
maX{Sk _ el (3 ])]z;} — Op ( W) : (B.8)
s,t m st nm

Proof of Lemma Lﬂ The proof follows by carefully examining the distribution of V; and then
applying Lemma(B.1| We only show the case with K = 3 and k£ = 1. The extension to a general K
follows similarly.

According to the property of mode-k tensor multiplication, we have V; = [Ti] 4, (Q:I))/2 ® 95/2),
and hence

1 - -
1 = 3 [Tl (@37 @ 2% (9y% @ 9 [T

nmois i1

I
M:

.
nmems 121 Tilw) (923 ® 22) [Til ) -



When tensor 7; ~ TN(0; X7, 335, 3%), the property of mode-k tensor multiplication shown in
Proposition 2.1 in [31] implies that

[Ty € R™ > (m2ma)  MN(0; 57, 55 ® X3),

where MN(0; 37, 3% @ 3%) is the matrix-variate normal [32]] such that the row covariance matrix of
[7i](1) is X7 and the column covariance matrix of [7;]1) is 33 ® X3. Therefore, in order to show
(B.8), according to Lemma|[B.1] it is sufficient to show

_ tr(z;ﬂg)tr(ESQQ) 5+

E[S4] T (B.9)

moms
According to the distribution of [7;](1), we have
Vi~ MN (0:1, (95 @ 9)%) (35 @ 35 () 0 94%)),
and hence
VI~ MN (02 0 9% (35 0 35)(9) 0 05%), 57).
Therefore, according to Lemma|[C.1] we have
E[V.V]] = Zi[(Qs @ Q) (Th @ T5)] = Zitr(T50)0(T30Q),

which implies according to the definition of S;. Finally, applying Lemma[B.I|to S; leads to the
desirable result. This ends the proof of Lemma[B.2] [ ]

The following lemma establishes the rate of convergence of the sample covariance matrix in max
norm.

Lemma B.3. Assume i.i.d. tensor data 7,7y, ..., 7, € Rm1*m2X ‘”X”iK follows the tensor normal
distribution TN(0; X7, - - - , X%), and assume Conditionholds. Let Q; € R™i*™i j = k, be the
estimated precision matrix from Algorithm [I| with iteration number 7" = 1. Denote the k-th sample
covariance matrix as

n
~ mp S ST
S =— g Vv, V,,
nm “
=1

with m = [[r_, my, and V; := [T: x {ﬁi/z,...,ﬁ}c/fl,]lmk,ﬁlﬂ ...,Q%Q}}(k).We have

k41
~ . (mj + s;) logm;
max [S, — ;] , =O0p | max /LT (B.10)
5.t 8 =1, K nm

Proof of Lemma The proof follows by decomposing the Sk — 33} into two parts and then
applying Lemma|[B.2]and Theorem [3.5] for each part to bound the final error.

Note that the triangle inequality implies that

_ g [[1 o (250 my [,z (50
I I

Note that here the covariance matrix S k 1s constructed based on the estimators Q i3 # k. According

to (B-8)) in Lemma[B.2] we have
1
nm

The remainder part is to bound the error . Note that tr(37€27) = tr(1,,;) = m;. Therefore,

Mk * () * () * *
1= | TT w(59) — T e(59)] 19
J#k J#k

I3



Given that || X7 |loc = Op(1), it is sufficient to bound the coefficient I3. We only demonstrate the
proofs with K = 3 and & = 1. The extension to a general K follows similarly. In this case, we have

I; = % ‘tr(z;ﬁg)tr(z;ﬁg) — (S5O tr(Z50)

a[E3(Q — 0)]w(305)
moms

tr(S500)ulS5(s - 9]
moms

According to the proof of Theorem we have Cy < tr(359;)/m; <1/Cy forany j=1,..., K
and some constant C; > 0. Moreover, we have tr(25€2%) = ms. Therefore, we have

I3 <

{S5(8s — 93)] ‘ N

w23 (Q2 — 23)]
ms '

ma

Here [ (@, — )] < 133 | — ]|, < 1532, — 2
125 ]l2 = Op(1). This together with Theorem [3.5|implies that

I3 = Op <\/(m3 + s3) logmg + \/(m2 +82)10gm2) .
nm nm

By generalizing it to a general K and k, we have that

I;=0p (max \/(mj i sj)logmj> )
7k nm

- According to Condition

and hence
. 1 , 31 ,
ISk == =0p <\/mk 08 Mk +maX\/(mJ+8j) ogm]>7
o0 nm j#k nm
which leads to the desirable result. This ends the proof of Lemma|[B.3] ]

C Auxiliary lemmas

Lemma C.1. Assume a random matrix X € RP*? follows the matrix-variate normal distribution
such that vec(X) ~ N(0; ¥* @ X*) with ¥* € R?%? and X* € RP*P. Then for any symmetric and
positive definite matrix € RP*?, we have E(X T QX) = ¥*tr(QX*).

Proof of Lemma [C.1} Since the matrix €2 is symmetric and positive definite, it has the Cholesky
decomposition £ = VTV, where V is upper triangular with positive diagonal entries. Let Y := VX
and denote the j-th row of matrix Y asy; = (y;.1,---,Yjq) Wehave E(XTQX) =E(Y'Y) =

. E(y, y;). Here y; = v;X with v; the j-th row of V. Denote the i-th column of matrix X as
X(i)» we have y; ; = v;X(;). Therefore, the (s, ¢)-th entry of ]E(ijyj) is

[E(y; ¥i)] (o) = EVix(o)vix(n] = ViElx@x(hlv] = v, ¥;, 5],
where W7 ; is the (s, t)-th entry of W*. The last equality is due to vec(X) = (x(Tl), e ,X(Tq)
N(0; ¥* ® 3*) Therefore, we have

)T

p p
EXT0X) =Y E(y]y,) =Y v;3v] = ‘I’*tr(Zv;erE*) — T (D).
j=1 j=1 j=1

This ends the proof of Lemma|[C.1} [ ]

The following lemma is stated by [24]].
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Lemma C.2. Let random variables z1,...,z, € R be i.i.d. drawn from standard normal N(0; 1)
and denote x = (x1,...,7,) € R" be arandom vector. For a function f : R™ — R with Lipschitz
constant L, that is, for any vectors vy, vy € R™, there exists L > 0 such that |f(vy) — f(v2)| <
L||vy — va||2. Then, for any ¢ > 0, we have

P70 - B/ G0l > 1) < 20w (57 ).

The following lemma is useful for the proof of Lemma[B.T] A similar statement was given in Lemma
1.2 of [33]].

Lemma C.3. Suppose that a d-dimensional Gaussian random vector y ~ N(0; Q), Then, for any
t > 2/+/d, we have
1 d(t —2/vd)*
[ 1Iv18 - By > 11l < 2o - =20 o expi-apa

Proof of Lemma |C.3} Note that E(||y]||3) < [E(||y||2)]? and hence

I¥13 = E(llyl2) < lllyll2 = ECyll2)]lyll2 + E(lly]l2)]-

The term (||y||2 — E(||y||2) can be bounded via the concentration inequality in Lemma|C.2] by noting
that ||y||2 is a Lipschitz function of Gaussian random vector y. The term ||y||2 + E(||y||2) can also
be bounded by the large deviation bound since y is a Gaussian random vector. This ends the proof of
LemmalC3] [ |

D Additional simulation results

In this section, we explain the details in generating the true precision matrices and then show additional
numerical results.

Triangle: For each k = 1, ..., K, we construct the covariance matrix X; € R™**"* guch that its
(4, j)-thentry is [X3]; ; = exp(—|h; — h;|/2) with hy < hg < --- < hyy,, . The difference h; — h; 1
with 7 = 2,...,my is generated independently and identically from Unif(0.5, 1). This generated
covariance matrix mimics the autoregressive process of order one, i.e., AR(1). We set QF = 2,;1.

Nearest neighbor: For each £ = 1,..., K, we construct the precision matrix 2 € R™k*™Mk
directly from a four nearest-neighbor network. We first randomly pick my, points from a unit square
and compute all pairwise distances among the points. We then search for the four nearest-neighbors
of each point and a pair of symmetric entries in the precision matrix €2, that has a random chosen
value from [—1, —0.5] U [0.5, 1]. To ensure its positive definite property, we let the final precision
matrix as 25 = Qp + (| Amin () +0.2] - 1, ), where Ay (. refers to the smallest eigenvalue.

The additional error criterions for comparison are the averaged estimation errors in Frobinusm norm

and max norm, i.e.,
1 & A 1 & A
LU U - D (U 1
k=1 k=1

Note that these two criterions are only available to the P-MLE method and our Tlasso. The direct
Glasso method estimate the whole Kronecker product and hence could not produce the estimator for
each precision matrix.

oo’

Remind that, as we show in Theorem 3.5 and Theorem the estimation error for the k-th precision
matrix is O (\/mu(my + sy) logmy,/(nm)) in Frobenius norm or Oy, (y/my, log my, /(nm)) in max
norm, where m = mymsomsg in this example. These theoretical findings are supported by the
numerical results in Figure 2] In particular, as sample size n increases from Scenario s1 to s2, the
estimation errors in both Frobenius norm and max norm expectedly decrease. From Scenario sl
to s3, one dimension my increases from 10 to 100, and other dimensions ms, m3 decrease from
10 to 5, in which case the averaged estimation error in max norm is decreasing, while the error in
Frobenius norm increases due to its additional \/my, + sj, effect. Moreover, compared to the P-MLE

11
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Figure 2: Averaged estimation errors of the precision matrices in Frobenius norm and max norm of
each method in Simulations 1&2, respectively. The left two plots are for Simulation 1, and the right
two are for Simulation 2.

method, our Tlasso is better in Scenarios s1 and s2 and is worse in Scenario s3 in Frobenius norm.
However, in terms of the max norm, our Talsso delivers significant better performance in 4 scenarios
and comparable results in the rest 2 scenarios.
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